Option Pricing for Resources Development
Projects - Investment Analysis in Post-NPV Era

Dr Gento Mogi, Hideo Misawa, Tsuyoshi Adachi,
Dr Jiro Yamatomi

Dr Gento Mogi
Qualifications:

~ Memberships:
Experience:

Currently:

Hideo Misawa
Qualifications:

Currently:

Tsuyoshi Adachi
Qualifications:

Memberships:
Currently:

Dr Jiro Yamatomi

Qualifications:

Memberships:

B Eng in Mining Engineering, The University of Tokyo (1982).
Dr Eng in Mining Engineering, The University of Tokyo (1991).
MM1J, JSCE.

1982-1985: Nippon Mining Co Ltd (Mining Engineer).
1985-1992: The University of Tokyo (Research Associate).

1992: The University of Tokyo (Lecturer).
1992-1993: Luled University of Technology (Guest Researcher).

Associate Professor, Department of Geosystemn Engineering, The University of Tokyo, Japan.

B Eng in Geosystem Engineering, The University of Tokyo (1996).
M Eng in Geosystem Engineering, The University of Tokyo (1998).

Bond Analyst, Fixed Income Division, Goldman Sachs (Japan) Ltd.

B Eng in Mining Engineering, Kyoto University (1992).
M Eng in Mineral Economics from Kyoto University (1994).

MMIJ.
Research Associate, Department of Geosystem Engineering, The University of Tokyo, Japan.

B Eng in Mining Engineering, The University of Tokyo (1972).
M Eng in Mining Engineering, The University of Tokyo (1974).
Dr Eng in Mining Engineering, The University of Tokyo (1985).

MM, JSCE.

Experience: 1976-1983: The University of Tokyo Research Associate).
1983-1987: Akita University (Lecturer).
1987-1990: Akita University (Associate Professor).
1990-1994: The University of Tokyo (Associate Professor).
Currently: Professor, Department of Geosystem Engineering, The University of Tokyo, Japan.
Introduction “never to invest” as well, and after its start-

Price of the commodity is one of the major
variables that substantially influence the

" value of a resource development project. Its
uncertainty is of paramount importance in
many natural resource industries, where the
standard deviation of annual changes in
futures prices of relevant commodities
sometimes exceeds 40% per year (Bodie, Z
and Rosansky, V I 1980). Strategic
investment decisions and operation are
prerequisite for investors and mine
managers. Investors usually have an option
to postpone the start of the project till
appropriate time, including the option

up they yet have operating options such as
laying-up (mothballing), reopening or
abandoning, to cope with the change in
economic environment. Effect of these kind
of possible strategic managerial responses
to price variations or the “skill of the
managers” is totally neglected in usual
DCFE-ROR (discounted cash flow - rate of
return) analysis based on NPV (net present
value) and discount rates. Having such
flexibility in management is equivalent to
have an option to get further information
and increase possibility to adjust the state
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of the project to get better economical
results. The value of such option, evaluated
using the option pricing techniques
developed in the field of financial
economics (Black, F. and Scholes, M.,
1973), could be rationally incorporated in
the evaluation of a project to objectively
optimize the strategic investment and
managerial decisions.

Postponement Option on Investment

Conventional project evaluation based on
NPV analysis as DCF-ROR, always regards
that an investment is irreversible and will
be executed on a known certain date. But as
long as the value of a project, in contrast
with the amount of investment, is uncertain,
depending on the stochastic changes in the
current price of its product, investor always
has an option to postpone the decision till
appropriate time to get better economical
result due to increase of information on
economical environment. We expediently
call this option a “postponement option”
throughout the paper. Comparing this with
a stock call option, the amount of
investment and the certain date before
which the investor has to decide, can be
regarded as the exercise price and the
maturity date of a call option, respectively.
As a call option has a certain option
premium depending on current price of the
stock and its volatility, and the length of the
time till the maturity date, we can easily
imagine that a postponement option has a
value for itself as well. Therefore, the real
value of a project should be the sum of the
value of the postponement option
(corresponding to an option premium) and
the conventional NPV of the project. The
conventional NPV of a project is the
accumulated NPV of the overall cash flow
of the project if it is positive, or zero, if it is
~ negative, so that it could be represented by

~ a bi-linear function of the price of the
relevant commodity.

In terms of call option, it seems clear that
the higher the price of the stock, the greater
the value of the option but less the value of

the option premium. When the stock price
is much greater than the exercise price, the
option is almost sure to be exercised. The
current value of the option will thus be
approximately equal to the price of the
stock minus the price of a pure discount
bond that matures on the same date as the
option, with face value equal to the striking
price of the option. On the other hand, if the
price of the stock is much less than the
exercise price, the option is almost sure to
expire without being exercised, so its value
and also the value of the option premium
will be near zero. Considering a resources
development project, the higher the price of
the current relevant commodity so that the
accumulated NPV of the cash in-flow is
much larger than the amount of investment,
the greater the real value of the project but
the less the value of the postponement
option as there is virtually no reason to
postpone the investment. On the other
hand, if the price of the current relevant
commodity is very low so that the
accumulated NPV of the cash in-flow is far
less than the amount of investment, the
value of the postponement option again
approaches zero as the possibility that the
investment be exercised becomes virtually
nil. It means that the postponement option
plays a great role in project evaluation
especially under critical economic
conditions.

Contingent claims (option pricing) analysis
is based on the assumption that stochastic
changes in the accumulated NPV of the
cash in-flow of the project E is spanned by
existing assets in the economy. In other
words the capital markets must be
sufficiently complete so that one could find
an asset or construct a dynamic portfolio of
assets, the price of which is perfectly
correlated with E . Following assumptions
are made for the analysis:

a) The short-term interest rate is known
and is constant through time.

b) The accumulated NPV of the cash in-
flow of the project is expressed by a

Page 120 Perth 23-24 March 1999

STRATEGIC MINE PLANNING Conference



Dr Gento Mogi, Hideo Misawa, Tsuyoshi Adachi, Dr Jiro Yamatomi

linear function of the price of the
relevant commodity.

¢) The commodity price follows a random
walk in continuous time with a variance
rate proportional to the square of the
commodity price. Thus the distribution
of possible commodity prices as well as
the accumulated NPV of the cash in-
flow of the project at the end of any
finite interval are log-normal.

d) The project has no dividends or other
distributions.

e) There are no penalties to short selling.
A seller who does not own a
commodity will simply accept the price
of the commodity from a buyer, and
will agree to settle with the buyer on
some future date by paying him an
amount equal to the price of the
commodity on that date.

The accumulated NPV of the cash in-flow
of the project is represented by the
commodity price P as,

Equation1: E= k(P - F,)

where X is a constant and 70 is the
commodity price at which £ becomes
virtually zero. If P follows the geometric
Brownian motion with drift as,

Equation2:  dP = uPdt+0Pdz

where dz =evdt , ¢ following the normal
distribution, ¢, u, ¢ are time, expected

drift of the commodity price and the
volatility of the commodity price,
respectively. As E is a linear function of
P, E also follows the geometric Brownian
motion but with different drift and
volatility.

Equation3:  dE = p'Edt +o'Edz

4 P ’
where u’'=pux and o’'=0x .
P - P 0 P - P 0
Let f be the value of a derivative that only
depends on E and r, which means f(E,).
Tto’s lemma gives the differential df as

Equation 4:

o O p 1O (v

df =—dt+— dE

= g B+ 5p7 E)
Substituting Equation 3 for dE , we obtain
their expanded forms as

E? }/t + io‘Edz
oE

Equation 3 and Equation 5 have the same
Wiener process, namely dz = e+Jd , which
represent the risk term. Therefore,
considering proper dynamic portfolio,
consisting of the project and a derivative, it
is possible to create a hedged (riskless)
position, whose value will not depend on
the price of the commodity, but will depend
only on time and the values of known
constants. The number of derivatives that
must be sold short against the project long
is

Equation 5:

of LL13%F o
d E —_—
f = [ a: 2 JE? o

. 1k
Equation 6: FED " F (E(P) 0
oF oP

To see that the value of such a hedged
position does not depend on E nor P, note
that the ratio of the change in the value of a
derivative to the change in E, when its

change is small, is M
oE
To a first approximation, if E or P

changes by an amount AE = kAP , the value
of a derivative will change by an amount

af—(EﬁAE or af—(E—(ImzkAP and the number
JoFE koP
of derivatives given by expression 6 will
change by an amount AE or kAP . Thus, the
change in the value of a long position of the
project will be approximately offset by the
change in the value of a short position in
1 or k

¥E) — FEP))
oE oP

units of derivatives.
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Since the hedged position contains the

project long and units derivatives

1
of (E,t
oE
short, the value of such asset in the position
I is

n-g-L

Equation 7:
fE

where f, represents % The change in

the value of the asset 4IT in a short interval
dr is

dn=de-4.

Equation 8:
fe

Substituting Equation 3 and Equation 5, we
obtain:

Equation 9:

1 (%I%fE +f, ]d

Since the return on the asset in the hedged
position is certain, the return must be equal
to rdt, where r denotes a riskless interest
rate. Thus the change in the value of the
asset Equation 9 must equal the value of
such asset times rds .

Equation 10:

e (e o

Dropping the dr from both sides, and
rearranging, we have the so-called Black
and Scholes differential equation for £ and
derivatives.

Equation 11: £, + /Ef, +% fegO*Er =1f

Writing T for the certain date at which the
_investor has to decide whether to execute
- the investment or not.

Equation 12:  f(E,T)=max(E-1,0)

where I denotes the amount of investment
to kick off the project. Solving Equation 11

for £, subject to the boundary condition

Equation 12 gives the real value of the
project that includes the value of the
postponement option.

Equation 13: £ = EN(d,)- 1" T)N(d,)

ln(E/I)+(r+%O'2 )(T-t)

d, =
oNT ¢
ln(E/I)+[r—%O'2 ](T—t)
d2:
oNT —t¢

As we neglect the opportunity cost of
delaying construction of the project, f

increases monotonously according to the
postponement of the maturity date 7 .
Under more realistic circumstance where
delaying construction of the project has
some opportunity cost such as royalty, we
can determine the optimum date to exercise
the investment.

Operating Options

Once a resources development project has
been started, manager has to follow an
optimum operating strategy other than
production rate or cut-off grade. There are
several operating options such as laying-up
(mothballing), reopening or abandoning, to
cope with the change in economic
environment. Considering these options,
the present value of a project becomes
larger than the value, calculated by
conventional NPV analysis based on
expected cash flow, as long as the project is
optimally managed.

Here we briefly summarize the framework
proposed by Brennan and Schwartz (1985).
Again the price of a commodity P is
assumed to follow a geometric Brownian
motion with drift as in Equation 2 and let
F(P,t) represent the futures price at time ¢
for delivery on one unit of the commodity
at time T where 7=7T-¢.
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Then using Ito’s lemma the differential of
F becomes '

Equation 14:

dF =(- F, +-§ Fppo?P? }dt+ FpdP

A commodity usually has a convenience
yield €, which is defined as a flow of
services that accrues to an owner of a
physical commodity and assumed to
depend only on P, thus C(P). Assuming a

portfolio consisted of 71)- commodity and-

of its futures, the value of this

pZ
oP

portfolio at present IT; is,

Equation 15: 1T, =%P—(PFP Y'F=1

and the change of its value during dr is

Equation 16: dIl, = 1;—)— (PF, )" aF

The owner of this portfolio earns the sum
of dr1, and the marginal net convenience

yield —C—(%)—di during d¢r without any risk.

Thus, this return must be equal to the
riskless return rI1,dt = rdt and we obtain

Equation 17: -F, +%F,,,,c72P2 =—Fp(rP-C)

Substituting Equation 17 to Equation 14,
the instantaneous change in the futures
price may be expressed in terms of the
convenience yield and the instantaneous
change in the spot price as

Equation 18: dF = Fp[P(u—r)+Clit + FpPodz

The value of the resources development
project H depends on the current
commodity price P, the physical inventory
in the deposit @, calendar time ¢ and the

operating policy ¢ . Thus,

Equation19: H=H(P,0.,5;j.9)

The indicator variable j takes the value
one if the project is in operation and zero if
it is laid-up or abandoned. In case of a
mine, the operating policy is described by
the function determining its production rate
q(P,Q,1), and three critical commodity
prices P (Q,1), P,(Q.1), P,(Q.t), respectively
representing the prices at which the mine is
closed down or abandoned if it was
previously open, the mine is opened up if it
was previously closed, and the mine is
abandoned if it is already closed. Applying
Ito’s lemma to Equation 19, the
instantaneous change in the value of the
project is given by

Equation 20:

dH = HPdP+HQdQ+H,dt+%HPP (P
The after-tax cash flow from the project is
Equation21: ¢(P-A)-M(Q-j)-A;H-T

where, A(g,Q,t) is the average cash cost
rate of producing at the rate ¢ at time ¢
when the inventory is @ M(¢) is the after-

tax fixed-cost rate of maintaining the mine
when it is closed and open

A;(j=0,1) is proportional rate of tax on the

value of the mine when it is closed and
open

T(g, 0, P,t) is the total income tax and

royalties levied on the mine when it is
operating

. H
Assuming that —F—P futures of the
P

commodity be sold short against a unit
project long, the owner of such portfolio
earns the sum of the change in its value,

Equation 22: dIl, =dH —%—dF

P

and the cash flow as Equatioh 21 during dt
as

STRATEGIC MINE PLANNING Conference

Perth 23-24 March 1999 Page 123



ok Wity

I
[y
(w]

et 150

Option Pricing for Resources Development Projects - Investment Analysis in Post-NPV Era

Equation 23:

(% 0P’ H,p—qH, +H, +q(P—A)-M(1- J)-T-AH+(rP-C)H, }k

without any risk, if we ignore the possibility
of expropriation. To avoid riskless arbitrage
opportunities, this return must be equal to
the riskless return on the value of the
investment rHdr . Thus we obtain

Equation 24:
%O'ZZPZH,,P+(rP-'-C)H,, ~qHy+H, +¢P-A)-M(1~ )-T—(r+4, )H =0

Under the value maximizing operating
policy ¢" = {q*, B ,P P, }, the values of the
operating project and mothballed project
are respectively given by

Equation 25 (a):
V(P,0,1)= max H(P,0,1,1,¢)

Equation 25 (b):
W(P’ Q’ t)E m¢ax H(P7 Q’ ts 05 ¢)

Let 7 and ¢ the upper and lower limits of

production rate during the operation of the
project, the value of the project under the
value-maximizing policy satisfy the
following two equations.

Equation 26 (a):

qrer(xag{—; O'zPZVPP +(rP;C)Vp -qVp+V, +¢(P —~A)-T—(r +4 )V]=O
3

Equation 26 (b):

%GZPZW,,P +(tP—CWp +W, =M ~(r+ A, W =0

The value of the project depends on time
only because the costs A, M, ¢ and some
miscellaneous costs like costs for closing
~and reopening the project K, (Q,¢) and

" K,(0,t) depend on time. Assuming a

constant rate of inflation z in all of these
and C(P,7)=xP then Equations 26 may be

simplified, using following deflated
variables,

alg.0)= Alg, Q.t)}™; m=M()™,
k(Q)=K(Q.1)e™; k,(0)=K,(Q,1)™
p=Pe™; v(p,0)=V(P,0,1)™;

w(p, 0)=W(P,0,1)e™

as Equations 27.

Equation 27 (a):

1
qfsrgg{iazpzv,,p +o—x)pv, ~qvp +a(p~a)-T'~(p+1, )VJ=0

Equation 27 (b):

1
EO'ZprW +(p—K)pwp—-m—(p+2,2)w=O

where, p =r-x is the real riskless interest
rate.

T’ is the real total income tax and royalties
levied on the mine when it is operating.

Case Study of a Copper Mine

Postponement Option

We applied the option pricing for a small
copper mine project in South America to
compare with usual NPV analysis. The
production of the mine started in 1989 after
three years of initial investment. The
scheduled project life was ten years from
the first year of production. We expediently
accumulate the amount of initial investment
and assume the whole investment was done
in 1988 and set 1987 as present. Thus, all
the values of the following cash in-flow are
discounted to the year 1987 to obtain the
present value of E . The rate of inflation is
based on 20 years average of GDP deflator.
Also a 20 years average of US treasury bill
rate for 3 months is assumed as a riskless
interest rate to eliminate the strong
inflationary pressure in US during late
1970’s to the beginning of 1980’s. By-
product is converted to copper assuming its
price perfectly correlating with that of
copper. The parameters used for the
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analysis are contained in Table 1. Average

copper price in 1987 was 1,820%/ton in US becomes $2,804,471.

and the accumulated NPV of the cash in-
Rate of inflation 5.93%
Riskiess interest rate 7.45
Discount rate for E 15.0%
Average copper price in 1987 1,820%/ton
Copper price at which E becomes zero: £y 1,580%/ton
Volatility of copper price ¢ 0.15
Amount of investment [ $2,231,047

Volatility of E

1.16

Table 1: Data for a Small Copper Mine Project

The value of the project, including the
value of the postponement option,
monotonously increases according the

n
»n

J

Value of the project (million $)
N

flow of the project E at that copper price

increase of the length of grace (length of
the period in which the investor can post
pone the decision) as shown in Figure 1.

0.5
0 L 1 i [} L
0 1 2 3 4 5
Length of grace (years)
Figure 1: Value of the Project vs. Length of Grace
STRATEGIC MINE PLANNING Conference Perth 23-24 March 1999 Page 125
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But considering an opportunity cost for the to the length of grace, considering an
delay of the project as royalty or interest on opportunity cost of 0.5 million $/year,
loans, we can optimize the date investor which increases year by year at the rate of
should make his decision. Figure 2 shows inflation.

the change in value of the project accordin g

ey

)

o
[

/
/

o
'S

o
w

Value of the project (million $)
o
(6]

o
o

°
=

o

0.5 1 1.5 2 2.5 3
Length of grace (years)

o

Figure 2: Value of the Project Considering Opportunity Cost

The optimum date, investor should make by conventional method and option pricing.
his decision under this condition, is The length of grace is set at 0.96 years for
approximately after one year (more exactly the calculation.

0.96 years). Figure 3 shows the comparison
between the values of the project calculated

5.0

4.5

= Option Pricing

25

Value-of the project (million

1.5 1.6 1.7 1.8 1.9 2.0 21
Copper price {thousand $/ton)

Figure 3: Value of the Project Including Postponement Option
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Operating Options

The real value of the project, considering
the operating options, under the value-
maximizing policy is the solution of
Equations 27 subject to proper boundary
conditions. Conventional NPV of the
project has also been obtained. To compare
with the real value of the project, the rate of
inflation has been used as the discount rate.
All the evaluation is done as 1987 as
present. We used Equation 28 for tax T’
and neglected A, .

Equation 28: T'(g, p)= thp+t2q[p(1—t1 )-al
where,

1, is the royalty rate and ¢, is the income
tax rate. Depreciation tax allowances are
ignored.

Assuming v, =-é—, which means that the

value of the project linearly correlates with
the amount of inventory, Equation 27 (a): is
simplified as

Equation 29:

1 ’
EO'szvm7 +(p—1<)pvp —[p +g—}+q(p—a)—T =0

Also assuming g, k,, and k, as constant,
Equation 29 and Equation 27(b) can be

solved as an ordinary differential equations
of p subject to following boundary

conditions:
w(po)=0
v(py )= wlpy )~k
w(py)=v(p2)-k;
v,(p)=w,(p)
v, (p2)=w,(p2)
The general solution for Equation 29 and
Equation 27(b) is
Equation 30(a): W(p)= s+ Bsp" + Bsp™ +Bep

Equation 30(b): w(p)= B, + Bip" +B.p"
where,
YI>1’ Y2<0 73>1,4'}’4<0

To avoid divergence at both ends of the
price 0 and «, both B, and B, must be
Zero.

In the case of the same South American
copper mine following v(p) and w(p) as
shown in Figure 4. Copper price at the
beginning of 1988 is assumed-as 1,818.8
$/ton. m, k,, k, are assumed as 0.25, 0.5,

1.0 million $, respectively.

/ _

10.0

5.0 /
0.0 )

Value of the project (million $)

10 /g
-5.0

2.5 - 3p

L~

-10.0

Copper price (thousand $/ton)

Figure 4: Value of the Project Considering Operating Options
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The real value of the project including the
value of the operating options at the
beginning of 1988 is 5.32 million $, where
as the conventional NPV discounted by the
rate of inflation is 4.36 million $. Thus, the
option premium under this condition is 0.96
million $. p,, p;, p, are 1,520, 1,290,
2,530 $/ton, respectively. This project is
found out to be very critical so that Po > Pi1s
which means if the price drops below 1,520
$/ton, the mine should be abandoned rather
than mothballed.

Conclusion

Effect of possible strategic managerial
responses to price variations such as
postponing the decision to start-up a
project, laying-up (mothballing), reopening
or abandoning a running project to cope
with the change in economic environment,
usually recognized as the “skill of the
managers”, could successfully be
incorporated in the evaluation of a project.
In the case of small copper mine project in
South America, which is very critical based
on conventional NPV analysis,
considerable option premium both for
postponement option and operating options
could be recognized. But at the same time,
it was also found out that under the set
condition, there is virtually no option for
mothballing.
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